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ABSTRACT
This paper presents a new discretization method for the com-

putation of the orientation workspace of 6-DOF parallel manip-
ulators, defined as the set of all attainable orientations of the mo-
bile platform about a fixed point. The method is based on the
use of a modified set of Euler angles and a particular representa-
tion of the orientation workspace. In addition, a direct method is
suggested for the computation of the projected orientation work-
space, defined as the set of all possible directions of the approach
vector of the mobile platform. Alternative ways of computing
these two types of workspaces are also discussed with typical
examples.

NOMENCLATURE
Ai : center of base jointi.
Bi : center of platform jointi.
C: center of the mobile reference frame (tool-tip).
R: rotation matrix defined by three Euler angles (φ, θ, ψ).
jAi : unit vector with respect to the base frame along the axis of

symmetry of platform jointi.
j ′Bi

: unit vector with respect to the mobile frame along the axis
of symmetry of base jointi.

`i : length of legi.
ni : unit vector along legi.
αi : maximum misalignment angle of base jointi.
βi : maximum misalignment angle of platform jointi.

∗Currently doctoral student at Département de Ǵenie Mécanique, Université
Laval, Qúebec, Canada.

1 INTRODUCTION
A 6-DOF fully-parallel manipulator, also called ahexa-

pod, consists of amobile platformconnected by sixlegs to a
basethrough respectively spherical and universal joints. Most
commonly, the base joints are fixed to the base while the legs
are of variable length (e.g. Fichter, 1986; Masory and Wang,
1991). This typical design with sixRRPSserial kinematic chains,
present in most existing hexapods, will be referred to as theGen-
eral Parallel Manipulator(GPM). There exist various other ar-
chitectures of 6-DOF parallel manipulators (see Merlet, 1997).

In evaluating the performance of a 6-DOF parallel manipula-
tor, much concern is given to the workspace factor. As thecom-
plete workspaceis in a six-dimensional (6-D) space for which
no graphical representation exists, different subsets of it are usu-
ally determined. The most commonly determined subsets are the
constant-orientation workspace(Bonev and Ryu, 1999; Masory
and Wang, 1992; Merlet, 1994), thereachable workspace, and
the dextrous workspace(Kim et al., 1997). All of them are de-
fined in the 3-Dposition spaceand are therefore easily depicted
in a spatial Cartesian coordinate system. The main subset of the
complete workspace that is defined in the 3-Drotation spaceis
the orientation workspace, which is defined as the set of all at-
tainable orientations of the mobile platform about a fixed point.

The 3-D orientation workspace is probably the most difficult
workspace to determine and to represent. Fortunately, many of
the 6-DOF parallel manipulators are used for 5-axis machining
operations, and thus, the user is only interested in the set of all at-
tainable directions of theapproach vectorof the mobile platform,
which is the unit vector along the axisymmetric tool. We define
this 2-D workspace as theprojected orientation workspace.
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Very few works exist on the topic of orientation workspace
computation. The most detailed work in this area has been pre-
sented in (Merlet, 1995), where a hybrid method is proposed for
the determination of a 2-D subset of the orientation workspace
of GPMs. In that method, the possible directions of a unit vector
attached to the mobile platform are mapped on a unit sphere. To
do so, the mobile platform is first rotated indiscreteangles about
a fixed vectorX1. Then, the possible rotations of the mobile plat-
form about a fixed vectorX2 aregeometricallyinvestigated and
subsequently mapped as circular segments on the unit sphere.
Thus, the method finds an intersection of the orientation work-
space and cannot be used to compute the projected orientation
workspace. Furthermore, the method cannot be easily extended
to other types of parallel manipulators as it is strongly dependent
on the simplicity of the GPM’s serial chains.

Another work in this area has been presented in (Romdhane,
1994) where a discretization method is used to compute again
a 2-D subset of the orientation workspace of GPMs. In that
method, the possible directions of the approach vector are rep-
resented as the inside of a general conical surface. That surface
is obtained by using a discretization method that investigates the
possible rotations about the basex-axis, followed by rotations
about the basey-axis. Thus, the method again finds only an in-
tersection of the orientation workspace and cannot be used to
compute the projected orientation workspace.

A more recent work by Benea (1996) deals with the com-
putation of the 3-D orientation workspace of 6-RRRSparallel
manipulators using a general discretization method. The au-
thor computes the set of standard Euler angles that define all the
possible orientations of the mobile platform about a fixed point.
Then, he uses several different representations to depict the ori-
entation workspace but in all cases the plots are quite compli-
cated. Despite the fact that the author realizes that the complex
nature of the particular orientation workspace representations is
due to the coupling between theφ andψ standard Euler angles,
he does not come up with another orientation representation.

To avoid the coupling between the standard Euler angles and
achieve a more clear representation of the orientation workspace,
we propose in this paper a new modified set of Euler angles. With
these angles, we represent the orientation workspace in a cylin-
drical coordinate system, which renders the workspace with a
very simple shape. A new discretization algorithm is introduced
for this particular choice of modified Euler angles and orientation
workspace representation. Furthermore, in the case ofaxisym-
metric parallel manipulators, we show that a close approxima-
tion of the projected orientation workspace can be found directly
by fixing one of the modified Euler angles and finding an inter-
section of the orientation workspace. For that purpose, we also
introduce a simple two-dimensional discretization method.

The organization of this paper is as follows. In section 2, we
describe the kinematic constraints that limit the workspace of a
GPM. Then, in section 3, we discuss on the complex issue of

Figure 1. A schematic diagram of an axisymmetric GPM.

representing the orientation of the mobile platform and present
the modified set of Euler angles. Section 4 presents in detail
the proposed discretization method used for computing the ori-
entation workspace. Examples are provided to demonstrate the
usefulness of the proposed modified set of Euler angles and the
particular workspace representation. Based on the shape of the
orientation workspace, section 5 presents a simple discretization
algorithm for computing an approximation of the projected ori-
entation workspace by fixing the value of one of the Euler angles.
Examples are again given to illustrate the easy interpretation of
that 2-D workspace in a simple polar plot. Conclusions are made
in the last section 6.

2 KINEMATIC CONSTRAINTS
This section summarizes the basic kinematic constraints that

limit the orientation workspace. In this paper, we will be con-
cerned only with the GPM, though the same methodology can
be applied to other types of parallel manipulators, e.g. with six
PRRSkinematic chains (Bonev, 1998). A schematic diagram of
a GPM is given in Fig. 1. The centers of the base universal joints
are denoted byAi , and the centers of the mobile platform spheri-
cal joints byBi (i = 1, . . . ,6). A base reference frame is selected
fixed to the base at pointO, with axesx, y, andz, such that the
basez-axis coincides with the axis of symmetry (if such exists).
A mobile frame is chosen fixed to the tool tip of the mobile plat-
form at pointC, with axesx′, y′, andz′, such that the mobile
z′-axis coincides with the tool axis. At thereference orientation
of the mobile platform, the orientation of the mobile frame coin-
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cides with that of the base frame. Finally, we define theapproach
vectoras the unit vector along thez′-axis of the mobile frame.

Let the orientation of the mobile platform be represented by
the 3×3 orthogonal rotation matrixR. For a given position (vec-
tor OC) and orientation (matrixR) of the mobile platform we
may compute the necessary leg lengths, denoted by`i , using the
following relation:

`i =
∥∥OC+RCB′i−OA i

∥∥ for i = 1, . . . ,6, (1)

where vectorCB′i represents the coordinates of the center of mo-
bile platform jointi with respect to the mobile frame, and vector
OA i represents the coordinates of the center of base jointi with
respect to the base frame. Equation (1) is the solution of the so-
called inverse kinematics problem.

There exist three main mechanical constraints that limit the
workspace of a GPM: (i) the actuators’ stroke, (ii) the range of
the passive joints, and (iii) the leg interference.

2.1 Actuators’ Stroke
The limited stroke of actuatori imposes a length constraint

on legi, such that

`i,min≤ `i ≤ `i,max for i = 1, . . . ,6, (2)

where`i,min and`i,max are respectively the minimum and maxi-
mum lengths of legi.

2.2 Range of the Passive Joints
Each passive joint has a limited range of motion. LetjAi be

the unit vector with respect to the base frame that is along the axis
of symmetry of the universal joint at pointAi . Let the maximum
misalignment angle of that joint beαi . Let also the unit vector
along legi be denoted byni , i.e. ni = A iBi/`i . Then, the limits
on base jointi impose a constraint, such that

cos−1(jT
Ai

ni)≤ αi for i = 1, . . . ,6. (3)

Similarly, let j ′Bi
be the unit vector with respect to the mobile

frame that is along the axis of symmetry of the spherical joint at
pointBi . Let vectorjBi be the opposite vector, and with respect to
the base frame, i.e.jBi =−Rj ′Bi

. Let the maximum misalignment
angle of that joint beβi . Then, the limits on mobile platform
joint i impose a constraint, such that

cos−1(jT
Bi

ni)≤ βi for i = 1, . . . ,6. (4)

2.3 Leg Interference
Let us assume that the legs can be approximated by cylinders

of diameterD. This imposes a constraint on the relative position
of all pairs of legs, such that

distance(AiBi ,A jB j)≥D for i = 1, . . . ,6, j = (i +1), . . . ,6, (5)

or the minimum distance between every two line segments corre-
sponding to the legs of the parallel manipulator should be greater
than or equal toD. The minimum distance between two line
segments is not given by a simple formula but can be obtained
through the application of a multi-step algorithm. Due to space
limitations, we will not present that algorithm here but refer the
reader to the detailed one given in (Masory and Wang, 1992).

It should be pointed out here that, in general, a given config-
uration of the parallel manipulator may satisfy all the constraints
given by Eqs. (2-5) and still be unattainable from the initial as-
sembly of the manipulator. In other words the configuration may
be incompatible with the initial assembly configuration. A con-
figuration iscompatibleif and only if it can be reached through
a continuous motion starting from the initial assembly and sat-
isfying all constraints given by Eqs. (2-5). To the best of our
knowledge, no direct concern has been given to this compatibil-
ity constraint by authors using discretization methods for work-
space evaluation (e.g. Fichter, 1986; Masory and Wang, 1992).

3 ORIENTATION REPRESENTATION
One of the basic problems in finding the 3-D orientation

workspace is the choice of coordinates to describe the orientation
of the mobile platform. Various redundant sets of orientation co-
ordinates exist, such as Euler parameters (Yang and Haug, 1994),
direction cosines, etc. While they provide a global parameteriza-
tion of the orientation, they call for a representation in a 4-D
space. To overcome this drawback, three Euler angles may be
used to represent the mobile platform orientation. These angles
correspond to three or more successive rotations about the base
and/or mobile frame axes. Their main disadvantage is the ex-
istence of singularities at which the one-to-one correspondence
between the actual orientation and the Euler angles does not hold.

Various types of Euler angles exist but they are somewhat
difficult to interpret in the general case. Since our goal in this
paper is to determine not only the orientation workspace but also
the projected orientation workspace for 5-axis machining opera-
tions it would be advantageous to use the same set of Euler angles
in both cases. A clear transition from the orientation workspace
to the projected orientation workspace is achieved if the first two
Euler angles,φ andθ, determine the direction of the approach
vector while the third Euler angle,ψ, referred to as theroll angle,
corresponds to the last rotation about the mobilez′-axis. Thus,
for such a set of Euler angles, the projected orientation work-
space will be obtained by projecting the 3-D orientation work-
space onto a 2-D space defined by the anglesφ andθ.

Probably the most intuitive choice of Euler anglesφ andθ
is the one corresponding to theazimuthand zenithangles that
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Figure 2. The modified Euler angles defining the platform orientation.

define the ray direction in a spherical coordinate system. Further,
in machining operations, the angleθ will also correspond to the
tilt (swivel) angle, which is the angle between the tool approach
vector and the basez-axis.

Up to here, we specified the requirements on the three Euler
angles with the desire to achieve a more intuitive representation
and a better correlation between the orientation workspace and
the projected orientation workspace. An intuitive representation
of the mobile platform orientation is essential for easy use by a
general machine operator. Simply put, when a triplet of Euler an-
gles is given, the user (operator) must be able to easily associate
them with the corresponding orientation of the mobile platform.
However, as our main goal is to represent the complete 3-D ori-
entation workspace, we must also impose certain requirements
related to the simplicity in the representation of this workspace.

The first requirements set for the Euler angles are met by the
standard Euler anglesthat are defined by first rotating the mobile
frame about the basez-axis by an angleφ, then about the mobile
y′-axis by an angleθ, and finally about the mobilez′-axis by an
angleψ (Fu et al., 1987). For this choice of Euler angles, the
singularity occurs atθ = 0◦ and the rotation matrix is defined as

R = Rz(φ)Ry′(θ)Rz′(ψ) = Rz(φ)Ry(θ)Rz(ψ), (6)

whereRz(·) andRy(·) are basic rotation matrices.
The standard Euler angles were used by Benea (1996) to

compute and represent the workspace of 6-RRRSparallel manip-
ulators. Despite the use of several different representations, the
plots of the orientation workspace remained too complicated due
to the coupling nature between the Euler anglesφ andψ.

To overcome the problems imposed by the standard Euler
angles, we introduce amodified set of Euler angles, which to our
best knowledge has never been used in relation to parallel manip-
ulators. In this new orientation representation, we first rotate the
mobile platform about the basez-axis by an angle−φ, then about
the basey-axis by an angleθ, then about the basez-axis by an an-

(a) (b)

Figure 3. Two of the three possible representations of the orientation

workspace.

gleφ, and finally about the mobilez′-axis by an angleψ. Defined
in this way, angleψ is theroll angle, angleθ is thetilt angle, and
angleφ is the angle between the basex-axis and the projection of
the approach vector onto the basexy-plane (Fig. 2). Note that for
a zero roll angle, the mobile platform is simply tilted (rotated)
about an axis passing through the mobile frame center, parallel
to the basexy-plane, and making an angleφ with the basey-axis.
The singularity for this set of Euler angles occurs again atθ = 0◦

and the rotation matrix is defined as

R = Rz(φ)Ry(θ)Rz(−φ)Rz′(ψ) = Rz(φ)Ry(θ)Rz(ψ−φ). (7)

As we see from Eq. (7), the relationship between the mod-
ified Euler angles and the standard ones is very simple—if the
triplet (φ,θ,ψ) defines a given orientation in the modified Euler
angles, then the same orientation is defined in the standard Euler
angles by(φ,θ,ψ− φ). As we will see in the next section, the
modified Euler angles allow us to represent the orientation work-
space of most parallel manipulators as a single volume having a
simple shape.

4 ORIENTATION WORKSPACE
After selecting the set of modified Euler angles for repre-

senting the mobile platform orientation, it remains to determine
the way to represent the orientation workspace. With the se-
lected set of modified Euler angles, the maximum range of ori-
entations will beφ ∈ [−180◦,+180◦), θ ∈ [−0◦,+180◦], and
ψ ∈ [−180◦,+180◦), since orientations(φ,−θ,ψ) and(φ,θ,ψ±
180◦) are identical. Three alternatives exist for representing the
orientation workspace.

The first alternative is to represent the orientation workspace
in a Cartesian coordinate system whose axes are the three Eu-
ler angles (Benea, 1996). Such a representation is very difficult
to interpret and is degenerate at the planeθ = 0◦, correspond-
ing to a singularity. The second alternative is to represent the
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orientation workspace in a spherical coordinate system (Benea,
1996) whereφ andθ are exactly the azimuth and zenith angles
(Fig. 3a). Then, the ray length will correspond toψ, being 1−ρ
for ψ =−180◦, and 1+ρ for ψ = +180◦, whereρ< 1. Thus, the
orientation workspace will be inside the spherical shell enclosed
between the two spheres with radii 1−ρ and 1+ ρ, centered at
the coordinate system origin. Thus, the projection of the orienta-
tion workspace onto the unit sphere will be exactly the projected
orientation workspace. The final alternative is to represent the
workspace in a cylindrical coordinate system, whereφ andθ are
exactly the polar coordinates andψ is thez-coordinate (Fig. 3b).

Both the second and the third representations do not pose
any problems at the singularityθ = 0◦ and are relatively easy
to interpret. The second representation is easier to implement.
Simply discretize the range ofφ andθ, and for each pair, start to
increment theψ angle from−180◦ to +180◦. At each step, solve
the inverse kinematics by applying Eq. (1) and check all con-
straints defined by Eqs. (2-5). The first orientation for which all
constraints are satisfied is stored in one double array and the next
orientation for which a constraint becomes violated is stored in
another double array. The first array will define the inner bound-
ary of the workspace while the second array will define the outer
boundary. The problem with this representation is that the inner
boundary of the orientation workspace is not visible if the max-
imum tilt angles are close to or more than 90◦. Furthermore, as
we already discussed about the compatibility constraint, it will
not be certain that for a given pair of anglesφ andθ, there will be
only one change from violated to all-satisfied constraints and one
from all-satisfied to violated constraints. In fact for the standard
Euler angles, Fig. 5.38 of (Benea, 1996) shows that indeed there
are several such changes.

To avoid these shortcomings, we choose the third type of
representation shown in Fig. 3b. In this representation, the orien-
tation workspace is a single volume with no hidden regions. In
addition, the projection of the orientation workspace onto a plane
ψ = const is exactly the projected orientation workspace. The
most important property, however, is that the need for the com-
patibility check is eliminated since we always start the search
from a configuration, which is compatible with the initial assem-
bly. We propose the following new discretization algorithm for
determining and representing the orientation workspace:

Algorithm for the Orientation Workspace:

(Phase I) Upper Part of the Orientation Workspace:

S1. Initialize double arraysWφ,u and Wθ,u, with dimensions
(nψ/2 + 1)× nφ, where nψ + 1 is the (odd) number of
equally spaced planesψ = constbetweenψ = −180◦ and
ψ = +180◦ at which the workspace will be computed, and
nφ is the number of points to be computed at each plane
ψ = const. These arrays will store respectively the val-

ues ofφ andθ for the points defining the upper part of the
workspace boundary.

S2. Setψ = 0◦. Assume that(φc,θc) = (0◦,0◦) is the center of
the horizontal cross-section of the workspace forψ = 0◦.

S3. For the currentψ, construct a polar coordinate system at
(φc,θc). Starting atnφ equally-spaced angles, increment
the polar ray, solve the inverse kinematics, and apply the
constraint checks defined by Eqs. (2-5) until a constraint is
violated. The values forφ andθ at the point of constraint
violation are stored into the two double arrays.

S4. Compute the geometric center(φc,θc) of the workspace
cross-section, which will serve as the assumed center for
the next cross-section. Ifψ = 0◦, store the geometric center
and repeat step 3 only once with the new geometric center
and then go to step 5.

S5. Setψ = ψ +360◦/nψ.

S6. Repeat steps 3 through 5 untilψ becomes greater than 180◦

or the last horizontal cross-section of the orientation work-
space is a single point (i.e.ψmax is reached).

(Phase II) Lower Part of the Orientation Workspace:

S7. Initialize double arraysWφ,l and Wθ,l , with dimensions
(nψ/2)×nφ.

S8. Setψ =−360◦/nψ. Assign to(φc,θc) the values that were
stored in step 4 forψ = 0◦.

S9. Perform the same as in step 3.

S10. Compute the geometric center(φc,θc) of the workspace
cross-section, which will serve as the assumed center for
the next cross-section.

S11. Setψ = ψ−360◦/nψ.

S12. Repeat steps 10 through 12 untilψ becomes less than
−180◦ or the last horizontal cross-section of the orienta-
tion workspace is a single point (i.e.ψmin is reached).

(Phase III) Postprocessing and Plotting:

S13. Transfer the values fromWφ,u andWφ,l to Wφ, and from
Wθ,u andWθ,l to Wθ, which are double arrays of dimen-
sionNψ×nφ, whereNψ = (ψmax−ψmin)/(360/nψ)+1.

S14. TransferWφ andWθ into X, Y, andZ, so thatX[i, j] =
Wθ[i, j]cos

(
Wφ[i, j]

)
, Y[i, j] = Wθ[i, j]sin

(
Wφ[i, j]

)
, and

Z[i, j] = ψmax− (i−1)(360/nψ), wherei = 1, . . . ,Nψ and
j = 1, . . . ,nφ, and X[i, j] = X[i,1], Y[i, j] = Y[i,1], and
Z[i, j] = X[i,1], wherei = 1, . . . ,Nψ and j = nφ +1.

S15. Plot the closed surface whose nodes are defined in the dou-
ble arraysX, Y, andZ.
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(a) (b)

Figure 4. (a) Perspective and (b) top views of the orientation workspace

of the GPM for the first position.

(a) (b)

Figure 5. (a) Perspective and (b) top views of the orientation workspace

of the GPM for the second position.

The proposed algorithm was implemented in MATLAB for
the GPM whose data are given in the Appendix. In our imple-
mentation,nψ = 180 andnφ = 120. Two examples are presented
here. In the first one (Fig. 4), the orientation workspace is com-
puted for a position at which pointC lies on the axis of symme-
try of the parallel manipulator (OC = [0,0,−1300]T ). Conse-
quently, we may observe in Fig. 4b the symmetrical shape of the
orientation workspace with respect to the axisθ = 0◦. For this
position the maximum and minimum roll angles are respectively
ψmax = 84◦ andψmin = −84◦. In the second example (Fig. 5),
the orientation workspace is computed for a position at which
pointC is far from the axis of symmetry of the parallel manipula-
tor and near the boundary of the constant-orientation workspace
for the reference orientation (OC = [200,200,−950]T ). Note,

(a)
(b)

Figure 6. Close approximations of the projected orientation workspace

of the GPM for the (a) first and (b) second positions.

correspondingly, how the axis of the orientation workspace is
shifted away from the axisθ = 0◦. For this position the maxi-
mum and minimum roll angles are respectivelyψmax = 72◦ and
ψmin =−72◦.

The computation time of the proposed method was estab-
lished at about 40 min on a 350 MHz Pentium II based PC with
256 Mb RAM. It was observed that more than 70% of the com-
putation time goes for the leg interference check. On the other
hand, for this GPM as well as for other parallel manipulators
(Bonev, 1998), it was observed that the main constraint that is
violated is the one on the range of the platform joints, i.e. Eq. (4).
In fact, leg interference was never encountered. Thus, for some
parallel manipulators, the leg interference check can be disabled,
resulting in a great reduction of the computation time.

5 PROJECTED ORIENTATION WORKSPACE
The projected orientation workspaces for the examples given

in Fig. 4 and Fig. 5 are respectively shown in Fig. 4b and Fig. 5b
(the top views of the orientation workspaces). In other words, the
projected orientation workspace can be found by first computing
the orientation workspace. As we saw in the previous section,
however, the computation of the orientation workspace is a com-
plex and time-consuming task and is often of no direct interest
(e.g. in 5-axes machining). Thus, for some applications, it would
be beneficial to find directly the projected orientation workspace.

Now, observe again Figs. 4b and 5b. The thick curves that
may be seen there are the cross-sections of the boundary of the
orientation workspace forψ = 0◦. It was observed that those
curves give a very good approximation to the projected orien-
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tation workspace when pointC is located near the vertical axis
of symmetry of the parallel manipulator (Fig. 4b) and a fair one
when it is far from it (Fig. 5b). Therefore, with the assumption
that the reference orientation is inside the orientation workspace
we may propose the following two-dimensional discretization al-
gorithm for the computation of theapproximatedprojected ori-
entation workspace.

Algorithm for the Projected Orientation Workspace:

S1. Initialize double arraysWθ with lengthnφ +1, wherenφ is
the number of points to be computed to define the bound-
ary of the projected orientation workspace. This array will
store the values ofθ for each discrete value ofφ.

S2. Setφ = 0◦, i = 1, andθ = 0◦.

S3. Setθ = θ + ∆θ, where∆θ is the discretization step.

S4. Solve the inverse kinematics problem and check all con-
straints given by Eqs. (2-5).

S5. Repeat steps 3 through 4, untilθ becomes 180◦ or a con-
straint is violated.

S6. SetWθ[i] = θ. Seti = i +1 andφ = (i−1)(360◦/nφ).

S7. Setθ = θ−m∆θ, wherem is the number of search steps to
go back.

S8. Repeat steps 3 through 7 untili becomes equal tonφ +1.

S9. SetWθ[nφ +1] = Wθ[1].

S10. Draw a polar plot withWθ defining the length of the ray at
the angles 0◦,360◦/nφ,2(360◦/nφ), . . . ,360◦.

The proposed discretization algorithm was again imple-
mented in MATLAB. Figure 6 shows the approximated pro-
jected workspaces for the same positions as in the examples for
the orientation workspace. In this implementation,nφ = 360,
∆θ = 0.1◦, andm = 5. These values guarantee a very smooth
curve defining the projected workspace, while still the computa-
tion time (including leg interference check) is quite small—about
20 sec on the same PC. The computation time can be further re-
duced by implementing a more sophisticated search procedure
for determining the first point of the workspace boundary, i.e. at
φ = 0◦ (e.g. a bisection method).

One point to note is that the proposed algorithm works well
only for parallel manipulators that exhibit a symmetry about the
basez-axis. Such parallel manipulators are, for example, most
motion simulators, as well as a number of commercial hexapod
machines. We also make the assumption that the reference ori-
entation is inside the orientation workspace, or equivalently, that
pointC is inside the constant-orientation workspace for the ref-
erence orientation. Thus, another more general approach should
be sought for the parallel manipulators with no axial symmetry.

Figure 7. Volume of the constant-orientation workspace as a function

of the roll angle ψ for several directions of the approach vector.

Let us note that the algorithm presented in (Merlet, 1995)
can also be used with the proposed modified set of Euler angles
to compute the same approximation of the projected orientation
workspace as the one found by our discretization method. For
that purpose, the range of the angleφ is discretized in the range
[0◦,+180◦), and then for each value, Merlet’s algorithm is ap-
plied to obtain geometrically the range of the tilt angleθ. Note,
however, that his algorithm is much more difficult to implement
and we do not expect that it will be faster than the proposed sim-
ple discretization method.

Finally, let us introduce another interesting property of the
modified Euler angles. We implemented the geometrical ap-
proach presented in (Merlet, 1994) for the computation of the
constant-orientation workspace of GPMs (excluding the leg in-
terference modeling). The implementation was made in the
CAD/CAM system CATIA, similarly to the one described in
(Bonev and Ryu, 1999). It was observed that for a fixed direc-
tion of the approach vector(φ,θ), the volume of the constant-
orientation workspace is largest nearψ = 0◦ (Fig. 7). In fact,
the same was observed by Benea (1996) for the case of 6-RRRS
parallel manipulators, where he pointed out that the constant-
orientation workspace is greatest atφ + ψ = 0◦, which in the
modified Euler angles is exactlyψ = 0◦. The same is true also
for the 6-PRRSparallel manipulators (Bonev, 1998).

6 CONCLUSIONS
A new discretization algorithm for computing the 3-D ori-

entation workspace was presented in this paper. The algorithm
is based on a set of modified Euler angles and a particular repre-
sentation of the orientation workspace. The 2-D projected orien-
tation workspace was clearly defined and a simple discretization
algorithm was introduced for computing an approximation of it
in the case of axisymmetric parallel manipulators.
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While we believe we introduced a valuable discussion on
the complex issue of orientation workspace of parallel manipu-
lators, our main contribution is for the analysis of those parallel
manipulators with an axis of symmetry, used as 5-axis machin-
ing centers. The users of such hexapods can take full advantage
of the application of the method proposed for the computation
of an approximation of the projected orientation workspace. In
addition, the proposed modified Euler angles and their property
may eliminate the need for complicated trajectory planning algo-
rithms for orienting the mobile platform, i.e. just assign values to
φ andθ, and keepψ always equal to zero. This guarantees largest
constant-orientation workspace and attainment of almost all di-
rections of the approach vector within the projected orientation
workspace.

We pointed out that the hybrid algorithm proposed by Merlet
(1995) cannot be used for finding the exact projected orienta-
tion workspace. Thus, our next goal will be to devise a fully-
geometric algorithm for computing the exact projection orien-
tation workspace of parallel manipulators based on the vertex
space concept discussed in (Bonev and Ryu, 1999).
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APPENDIX: DATA FOR THE GPM
Table 1 shows the data for the GPM used in the examples

in this paper. In addition,̀i,min = 900 mm,`i,max = 1600 mm,
αi = βi = 50◦, for i = 1, . . . ,6, andD = 20 mm.

Table 1. Geometry of the GPM (all units are in [mm]).

i OA i CB′i jAi =−j ′Bi

1

[−738.035
−553.122

0.000

] [ −51.507
−156.755

200.000

] [
0.433
0.250
−0.866

]

2

[−848.035
−362.596

0.000

] [−161.507
−33.771
200.000

] [
0.433
0.250
−0.866

]

3

[−110.000
−915.718

0.000

] [−110.000
−122.984

200.000

] [
0.000
0.500
−0.866

]

4

[
110.000
−915.718

0.000

] [
110.000
−122.984

200.000

] [
0.000
0.500
−0.866

]

5

[
848.035
−362.596

0.000

] [
161.507
−33.771
200.000

] [−0.433
0.250
−0.866

]

6

[
738.035
−553.122

0.000

] [
51.507

−156.755
200.000

] [−0.433
0.250
−0.866

]
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